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a 60° sweep). Accepting a constant attitude system, while
allowing minor off-normal solar panel orientation during
thrusting, negligibly degrades mission performance. Con-
ceptual designs have been formulated incorporating 360° ro-
tational capability between the plane of the solar cell panels
and the basic spacecraft body, but failure of the rotational
system will abort the mission. To maintain center of mass
stability, the mercury reservoir should be at the vehicle's
center of gravity. This implies that the reservoir is the
central part of the rotation device between the solar panels
and the basic structure. Even if such a mechanical system
could be designed well within the 15 kg margin, the reliability
factors of such a system do not merit its consideration for the
multimission spacecraft design.

Conclusion

Based on the results of low-thrust trajectory analyses for
three unique missions (asteroid belt probe, solar probe, and
out-of-ecliptic probe), a single set of propulsion system pa-
rameters was found that permitted use of a common solar elec-
tric propulsion system for multimission SEP spacecraft de-
sign. The components in the selected propulsion system de-
sign are representative of the present ion propulsion system
technology. A single, uncomplicated spacecraft design con-
cept was formulated that has the capability of carrying a large
complement of science equipment (approximately 600 Ib)
for any of the three missions studied. In summary, although

optimum performance for each mission is not achieved by a
single spacecraft design, only minor modifications to the
spacecraft are necessary to efficiently perform any one of the
three missions studied. Thus, such a spacecraft appears ex-
tremely attractive for near term solar electric propulsion mis-
sions using an Atlas (SLV-3C)/Centaur launch vehicle.
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Optimal Estimation of Rotation-Coupled Flexural Oscillations
JAMES L. FARRELL,* JAMES K. NEWTON, f JAMES A. MILLER, J AND ELIEZER N. SOLOMON^

Westinghouse Defense and Space Center, Baltimore, Md.

The Radio Astronomy Explorer satellite, presently orbiting the Earth and holding an ac-
curate local orientation by four 750-ft booms, experiences significant static and dynamic
elastic deformations in orbit. The gravity-gradient librations, which actually are coupled to
the flexure at these boom lengths, are observable at close intervals while the boom tips are
monitored only when the satellite is within range of certain TV stations. An iterative
weighted least-squares estimation program has been developed, in which a time history for
the state (attitude, damper displacement, and elastic deformation) is reconstructed, using all
pertinent data available. A companion program, capable of generating hypothetical data
corrupted by additive Gaussian noise, has been used to demonstrate successful reconstruction,
augmented by instrument bias detection and improved determination of certain system
parameters. Linearized ensemble statistics have been generated, to predict performance
under various conditions.

Nomenclature^
a; = solar heat absorptivity of ̂ th antenna (1 ^ i ^ 4)
Ai — unit vector along sensitive axis of ^th mag-

netometer (1 ^ i ^ 3)
b = 3 X 1 vector of magnetometer bias errors
[Bi] = canonical dynamic coefficient matrix during '̂th

interval
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[C'j = orthogonal transformation from hub principal
axes to local coordinates

d = boom diameter
[d],[m] = coefficient matrices for first and second time

derivatives, respectively, of generalized coordi-
nates in equations of motion

e = linear thermal expansion coefficient for booms
8 = 5 X 1 vector of satellite parameters, a\-a^ El
E = boom modulus of elasticity
El = boom flexural rigidity
[9] = 24 X 5 matrix, dX/dS
[Gm,i-i] = integrated effect of variations in S, from beginning

of iih interval to time (tm)
[Hm],[ffl,m] = matrix of partial derivatives of obseryables with

respect to current state and with respect to
initial state, respectively
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identity matrix
solar heat flux
coefficient matrix for generalized coordinates in

equations of motion and augmenting matrix
arising from thermal effects, respectively

thermally induced curvature of ith antenna (1 ^
i $ 4)

antenna length
unit normal to sun sensor face plane
number of data vectors per fixed-parameter time

zone
degrees of freedom for chi-squared distribution
number of measurements accepted from ith in-

strumenting channel (1 ^ i ^ 14)
minimum number of fixed-parameter time zones

per orbit
total number of linearized state transition periods

in the data block
vector from hub center to point on ith antenna,

unit tangent vector, and curvature, respec-
tively

covariance matrix for mth data vector error
rss of normalized residuals
acceptance limit for residual in -rth instrumenting

channel (1 ^ i ^ 14)
time of mth data vector
hysteresis damper torque
first- and second-order kinetic energies, respec-

tively
unit vector along ^th sun sensor slit
first- and second-order potential energies, respec-

tively
component of boom tip deflection beyond equi-

librium (l^j^ 8)
state vector
observable and residual, respectively
boom wall thickness
scaled absorptivity of ith antenna (1 < i < 4)
magnetic field vector in local coordinates
thermal conductivity of antenna booms
unit sunline vector in hub and local coordinates,

respectively
zero-order component of tr, and partial derivative

of first-order component with respect to Xj, re-
spectively

rms errors in measurements of damper angle,
magnetometer, sun sensor, and antenna tips,
respectively

rms error in ith instrumenting channel (1 ^ i
<: 14)

estimation uncertainty parameter in data rejec-
tion criteria

fixed-parameter time zone boundary
state transition matrix
state transition vector
vector of generalized coordinates
total zero-order generalized Lagrange force vector
contribution to ^o by damper, eccentricity, solar

pressure, and thermal effects, respectively
matrix and inverse, respectively
transpose of ( )
estimated or observed value of ( )
error in ( )
predicted value of ( )
augmented ( )
probabilitistic mean

Introduction

THE NASA Goddard Space Flight Center Radio As-
tronomy Explorer (RAE) satellite1 is presently in a circu-

lar orbit of 5800-km altitude. Its 750-ft-long booms provide
three-dimensional gravity-gradient stabilization to within a
few degrees of local orientation. Its cruciform configuration
also provides for double-V antenna reception of rf data. For
proper interpretation of received rf data it is necessary to
know the antenna directivity patterns; consequently, large
elastic deformations of the booms are of considerable interest
to the experimenter. At the same time, only intermittent

boom tip observations will be available (i.e., during passes
over regions covered by specified TV stations). Filling in
the time history during each data gap suggests the use of
minimum variance data processing, which in turn calls for a
dynamical model in a form amenable to statistical analysis.

Physically the RAE flexural oscillations are coupled to the
attitude librations and to the damper displacement; therefore,
they are excited by any initial conditions (e.g., oscillations at
termination of deployment) or forcing functions (e.g., orbital
eccentricity) which affect these angles. Furthermore, cer-
tain modes of satellite deformation are driven directly by ec-
centricity, solar radiation pressure, and/or uneven heating.
These latter two items affect the dynamics in a complex
manner, since the incident areas for solar pressure and the
diametric temperature differentials vary with both 1) position
along boom length, and 2) the state itself, i.e., satellite atti-
tude and elastic deformation. Reference 2 describes the
coupled dynamics under force-free conditions and Ref. 3 ex-
tends this analysis to the nonhomogeneous case; these re-
sults were verified4 through a recently documented digital
program5 that applies the Hooker-Margulies6 and Roberson-
Wittenburg7 formalism to a discretized model of the structure.

In the present paper the viscous damping of Refs. 2 and 3
is replaced by a saturating magnetic hysteresis device. The
resulting short-term dynamic equations still have the form of
12 coupled linear harmonic oscillators with constant parame-
ters and steady driving forces. Behavior over extended
periods is obtained by cascading these short-term solutions,
allowing discrete coefficient adjustments at the time zone
boundaries. As in Ref. 3, the dynamic reference state is near
equilibrium, but repeatedly adjusted to points closer to the in-
stantaneous state. This accounts for certain higher-order
coupling arising from low-frequency angular displacements,
while still allowing the Taylor series to be truncated after
first order.

Linearization of the dynamic equations permits implemen-
tation of existing data processing techniques in their classical
form. Procedures can therefore be drawn from a wealth of re-
lated experience (e.g., in orbit determination), but certain
guidelines will be decidedly slanted toward this specific ap-
plication. Satellite attitude and damper displacement are
restrained by gravity gradient and a hinge spring, respec-
tively; also, the antenna booms have a specific configuration
of static bending deflections for any given set of conditions
(solar aspect, etc.). Then, unlike the orbit tracking problem,
the rotational and flexural behavior are characterized by a
minimum potential energy equilibrium, representing a pre-
ferred state at the center of oscillatory motion. This is quite
fortunate, since it will have a stabilizing effect upon processed
data taken from any stable satellite.

From the preceding considerations there emerges a plan
whereby 1) all measurements pertaining to the dynamics of
interest (i.e., the boom tip observations plus sun sensor,
magnetometer, and damper displacement readings, which are
related to these deformations through the dynamic coupling)
are arranged in data blocks, and 2) on the basis of all data in
any block, a minimum variance estimate can be obtained for
the corresponding time history. Procedural details are dic-
tated by the following ground rules.

1) It is permissible for data blocks to overlap, but each
block is handled separately in standardized fashion.

2) Choice of block duration is influenced by observability
and by modeling accuracy. For example, a few percent
deviation from estimated rigidity coefficients of the per-
forated booms will produce a corresponding difference in
flexural frequencies (nominally about three times orbital
rate), thereby causing significant drift of phase angles asso-
ciated with these frequencies. It is therefore desirable to
limit data block duration to roughly one orbit, and, to pre-
vent concentration of accumulated extrapolation error, data
blocks should be bounded by boom tip observations (with no
real time requirement) at both ends.
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3) In addition to parameter uncertainties, the model is
limited by absence of loosely coupled effects (e.g., higher
modes) and anomalies such as inhomogeneities or force-free
warpage in antenna booms. Combined with observability
limitations in the presence of small high-frequency flexural
oscillations, this points to antenna tip estimation accuracies
no better than the TV resolution (about one meter). Suc-
cessful interpolation, rather than redundant measurement
error reduction, is the primary objective.

4) Full advantage is taken of all concurrent information.
Availability of smoothed navigation data at close intervals
enables the effects of orbital perturbations to be taken into
account while using a simplified (patched conic) orbit model
in the rotational-flexural dynamics. Availability of closely
spaced damper angle indicator readings allows the short-term
dynamical time zone boundaries to be controlled by switching
events in a discrete-torque model which closely approximates
the saturating magnetic hysteresis device. This choice of
time zones enhances computational efficiency. Computa-
tional efficiency is further increased by prefiltering of closely
spaced sun sensor and magnetometer observations.

5) Prior to acceptance all measurements are automatically
subjected to controllable data conditioning criteria (based
upon linearity considerations in connection with partial
derivatives8) and criteria involving the size of the residual.
The normalized residuals will also influence the number of
data recycling iterations.

6) If there are long periods without significant reception of
radio astronomy data, estimation of rotational-flexural time
history during these periods is not necessary. Due to the
existence of a reference equilibrium state, iterative data
processing can be resumed with zero initial estimates for un-
known state vector components.

This paper reports the results of a simulation whereby a
minimum variance estimation program is fed by hypothetical
data, and converges upon the history of its dynamic behavior
while simultaneously detecting certain instrument biases and
variations in certain system parameters. This is successfully
accomplished with light coverage of the four antennas (i.e.,
single station coverage of each tip at the beginning and end of
an orbit), accompanied by essentially continuous damper, sun
sensor, and magnetometer data. As might be expected from
the inherent flexibility of minimum variance data processing,
various additional capabilities of the basic approach are being
discovered. These include extension to nonsimultaneous
antenna tip observations, station coverage intervals of very
short duration, and even the complete absence of deflection
data from certain antennas (necessitated by inoperative
monitoring cameras in -RAE-A). Before describing these
capabilities, however, the immediate task is to apply the
classical statistical approach to the dynamics specifically
under consideration, and to illustrate feasibility of the over-all
basic procedure-

Analysis

The mathematical background for most of the dynamic
formulation is covered by the studies previously referenced.
However, for an operational program, some extensions of the
dynamic model are required: 1) the viscous damping in the
Lagrangian analysis2'3 must be replaced by a more realistic
representation of the saturating magnetic hysteresis device;
2) if the four antenna booms have nonuniform thermal
characteristics,** the pertinent portions of Ref. 3 need to be
modified accordingly; and 3) some minor modifications of the

** Due to the processes used, the effective thermal absorptivi-
ties are not measured easily. The booms are perforated and an
absorptive coating is applied to the interior, in an effort to match
the interior absorption to that of the exterior surface (which is
highly reflective but has a greater area exposed to direct heat
radiation).

analytical and computational procedure are needed. These
topics are discussed prior to exposition of the theoretical
background for the data processing scheme. Notation is
consistent with Refs. 2 and 3.

Dynamic Model Extensions

To offset the increased complexity arising from nonuniform
thermal characteristics, the operational dynamics program
contains certain simplifications deemed permissible by ana-
lytical and numerical considerations. At RAE altitude
(nearly one earth radius), the direct earth and reflected solar
heat contribute only about 10% of the total heat flux; also,
the terms contributed to [ Akt] by Eqs. (28) and (30) of Ref. 3
do not markedly influence RAE dynamics under operational
conditions, and a similar case can be made for the entire
matrix [A&s]. Therefore, while no implications upon general
cruciform behavior are intended, all of the terms previously
mentioned are omitted from the immediate formulation.

With the zth antenna absorptivity denoted as ai} the cor-
responding thermally induced curvature then becomes simply
3C,- = ftp/ X (p/ X d), where

ft = aiedJ./(4Kz)
so that Eq. (8) of Ref. 3 can be replaced by

f!i J u ®
E

(1)

(2)

Following the procedure in Ref. 3 while retaining only the
terms of interest, the resulting zero-order forces are

> T""\ ) 1 / * S O /O\— O/ ,y l AoJ, 1 ^ J ^ O (oj

- do^/y}, 5 ^ y ^ 12 (4)

and the desired augmenting matrix elements are

[AJfc,]yn = [AA;t]By =

j $ 3, 5 ^ n ^ 12 (5)

with the modified definitions
4

1 = 1

[L0] =

i=l

4

(6)

(7)

The dynamics under consideration will then take the form

+ ld]x + [k + (8)

where, as in Ref. 3, all coefficients and forcing function ele-
ments are held fixed for short-term intervals which can be
cascaded. The matrix [d] is now completely skew-sym-
metric (i.e., du = 0) and the magnetic hysteresis damping
action is taken into account by including in W0 a generalized
force component M^;

(9)

where the scalar damping torque Tm is allowed to change
polarity at appropriate boundaries of the fixed-parameter time
intervals. Fortunately an RAE data tape provides repetitive
measurements of the damper angle; straightforward location
of smoothed extrema defines all of the damper torque polarity
switching points needed in the dynamic model (the model then
simulates a passive device, having negligible deadband,
which generates a fixed magnitude torque always opposing
the derivative of the smoothed damper angle waveform).
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The fixed-parameter interval boundaries are conveniently
selected as regular subintervals between each pair of consecu-
tive damper switching events.

For greater accuracy in the computation it was found ad-
vantageous to scale the time (by the orbital mean motion)
and the flexural state variables (normalized with respect to
antenna length). Similar procedures were found beneficial
in the parameter estimation and bias detection operations dis-
cussed subsequently. The necessary modifications are
straightforward, however, and are excluded here for brevity.

Estimation of Satellite Dynamics

Application of Eqs. (8) and (9) to weighted-least-squares
data processing can now be described as follows. The total
time history of all data (including damper indicator, sun
sensor, and magnetometer readings, plus the intermittent
boom tip information) is divided into data blocks, of duration
commensurate with the expected data fitting capability of the
dynamical model as previously explained. The time at the
start of a data block is denoted tE(\); the damper switching
"events'7 determined from a central body data tape are then
labeled consecutively ^(2), £0(3)> • • • £&(##-!), where (Ns)
represents the total number of events occurring within the
block (the last event is taken as the end of the chosen data
block). The time period between each event pair is then
subdivided, according to a controllable maximum orbital
mean anomaly increment, into linearized state transition
intervals. The boundaries of these intervals are labeled in
consecutive order asft TI, TI, - • • T(NTy, between any two
boundaries the dynamic behavior is governed by Eqs. (8) and
(9) which can be transformed into [see Eq. (59) of Ref. 2]

X = [£;]X +
0,2 (10)

where the matrix subscript signifies that [m] and [B], com-
puted from the augmented matrices in (8), are valid for only
the (ith) interval; similarly, Woi represents the right of Eq.
(8) during the (ith) interval. The closed-form solution to
(10) is

Xm =

where
..--i] = exp{ [ tm

(11)

(12)

(which is readily computed from the diagonalizing matrix
and the eigenvalues of [£,-]), and

(13)

The notation Xm conveniently is defined as the state at the
time of the mth measurement (which in practice is the center
of a prefiltering sub interval, during which several closely
spaced observations are simply averaged) except for m = 0
{X0 = X(r0) = X(fo<i))}. Physically, Eq. (13) represents the
change in state produced at (tm) by the forcing function ap-
plied at (r,-_i) and held fixed between (r,-_i) and (tm); it is
easily verified that

Xw = [$TOl0]Xo + ^W0; rt-_! <c tm ^ T{ (14)
where, for j = 0,1,2, . . ., the cascaded transition matrix is

i-2,.->] n
and the integrated force vector is

i-2
Pn+l.n + <Pm,i-\

(15)

(16)

tt T(NT) represents the time at the end of this block, and TO is
set equal to ^(i>; nonuniform intervals present no problem in the
formulation.

The equations of motion are now in a form appropriate for
computing the dynamic behavior from the measurements
taken within any data block. For the complete set of (M)
data vectors (Ym; m = 1,2, . . ., M) in the block, having first-
order sensitivities [Hm] = dYm

(~VdXm and error covariance
matrices [Qm], the notation (ym = Ym — Y,*^) will denote
the mth residual vector (i.e., deviation from the predicted
value Yw

(~} which is computed from the a priori initial esti-
mate X0

(~}, using Eq. (14) for extrapolation to time tm).
The weighted least-squares relation for the estimated initial
state deviation (x0 = X0 — Xt/"5) would then be

\[Hm]xm-ym - ym} = 024xi (17)

under the condition that Xw is related to X0 by Eq. (14).
The well-known quadratic form minimization estimate is

iz
lm=l

X

M

Z
m=l

(18)

where [Mm] — [Hm][$m,0]. Instead of relying upon com-
plete knowledge of the physical system, however, it is cus-
tomary to extend the procedure to include uncertainties in
parameter values and/or systematic measurement errors.
Following is a description of the augmented state formulation,
as applied to the present problem.

Parameter Estimation and Bias Detection

If the antenna absorptivities and the flexural rigidity (El)
are not known precisely, the dynamic model accuracy could
suffer appreciably from inexact parameter values in (10).
To counteract the resulting estimation error, the product
[g]8 is added to the right of (10), where 8 is a 5 X 1 vector
of uncertainties (ft, j§2, j§a, Pi, El) and [9] contains all forcing
function partial derivatives with respect to 8. Wherever
these partial derivatives are functions of time or components
of X, they can be held constant during the interval denoted in
(10); it follows that the resulting dynamics, written in the
canonical form,

(19)

will also have a closed-form solution similar to an augmented
version of (11). It is convenient to combine this with steady
bias errors 61, 62, &s in the three magnetometers, so that the
augmented state vector

X* =

will conform to the dynamic relation

Xw* = [Qm,^*]**^) + ?„,,

where
[*„„•-,], [<?..,•_,], [o

[OW [I]«X., [0]5X3

[0]3X24, [0]8X5. [I]3X3

and

[*».*-!*] =

„ r*>m,»-ii= L o8xl J

(20)

(21)

(22)

(23)

(24)

Just as [<£] and <p can be referred to zero time by (15) and
(16), respectively (and recursively computed in practice to
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avoid growing memory calculations), a relation similar to
(16) holds for the integrated parameter sensitivity matrix in
(23). It is therefore a straightforward procedure to form the
augmented transition matrix [3>m,o*] referred to zero time,
and combine it with the data vector sensitivity to the aug-
mented state

the one preceding; thus

[#.*] = [0]14X5?
[/]*»
[0]:11X3 .

(25)

so that, with [mm*] = [Hm*][3>m,Q*] replacing [3TCW] in (18),
all 32 unknowns can be determined by the canonical iterative
weighted least-squares data processing.

It remains to show specifically how the matrix [g;] is
evaluated. From definitions of the various pertinent quan-
tities it follows that, for 1 ^ k ^ 4, the kth column is

If
IL- [

[0]l2x]2 [7]l2>< K I
x J

k (26)

This can be reduced by noting that 1) only the thermal portion
of the generalized force contributes a nontrivial differentiable
component to the last term, and 2) this zero-order component
contains most of the thermal effect. Hence the simplification

(27)
where VFio is computed from (3) and (4) with d0 and di
evaluated at the center of the ^th time interval. The deriva-
tives with respect to ft follow easily from (6) and (7).

At first glance it might seem that approximating (26) by
(27) precludes a complete determination of the thermal
parameter uncertainties. With the present computational
approach, however, the entire dynamic model is adjusted after
every weighted least-squares iteration; the partial correction
omitted on one iteration can be uncovered during those
following. So long as the computational weights are near
the theoretical sensitivities, no difficulty with convergence or
final accuracy will result.

The fifth column of [§;] can be determined by writing the
equations of motion with the true potential energy terms de-
composed as

yl = Vi - 7i, FII = FII - FII (28)
where the circumflex and tilde denote estimated values (i.e.,
the values obtained using the estimated flexural rigidity) and
uncertainty (i.e., error in estimated values), respectively.
For clarity the equations will be expressed for the case of no
damper torque, solar pressure, or thermal effects (all of which
can be added separately by superposition);

+

The bracketed quantity on the right is recognized from the
equilibrium formulation*! of Ref. 2 and, again, the iterative
computation permits various simplifying approximations.
1) The last term can be dropped, since it is overshadowed by

tt More specifically, the bracketed quantity corresponds es-
sentially to the static deflection computation2 with the esti-
mated value of flexural rigidity. The remaining terms on the
right are effective forcing functions arising from imperfect
,knowledge of this parameter. Note that acceptability of ap-
proximating [8] in an iterative loop is again exploited, in the
failure to decompose the kinetic energy similar to Eq. (28).

*-[, l2Xl (30)

and 2) in substituting Eq. (49) of Ref. 2 the derivative is ap-
proximated as (2K.AKoi/Er)l&. In practice these simplifica-
tions allow determination of flexural rigidity from the in-plane
static deflections alone.

Simulation Approach

A model of RAE flexural, rotational, and hysteresis damper
dynamics has been augmented by measurement relationships,
to generate hypothetical data in the form of typical inputs for
the operational estimation program. This form is dictated
by the ground rules of the estimation program which called
for inclusion of smoothed orbit tracking and damper data,
with the latter controlling the choice of short-term dynamics
time zone barriers. Operational compatibility calls for a
somewhat modified astronomical description; Eq. (21) of
Ref. 3 is changed to account for earth orbit eccentricity; the
fraction of solar pressure and solar heat flux present (in the
event of partial eclipse) is computed from finite disc size, and
the transformation matrix in Eq. (22) of Ref. 3 is computed
directly from Cartesian orbit position and velocity vectors.
Errors due to direct extrapolation of smoothed navigation
data and ephemeris data (e.g., perihelion time in 1968 or
reference sidereal time used for magnetic field computation)
are negligible in comparison with measurement uncertainties.
Also, a Keplerian orbit model is adequate for this entire
operation since 1) orbital perturbations will affect both the
actual and the estimated dynamics in essentially the same
fashion, and 2) available tracking data will allow patched
conic fitting with frequent updating in practice. With these
thoughts in mind, fictitious data for simulation purposes
were generated by the procedure which follows.

Generation of Hypothetical Data

To simulate the orbital tracking data inputs, Cartesian
position and velocity vectors are first determined at various
epoch times (IREF; not synchronized with other observational
data) for a satellite in an orbit having 1) a semimajor axis of
12,380 km; 2) orbital inclination (?0) and nodal longitude
(120) chosen to provide (among other mission considerations)
favorable solar exposure; 3) an initial satellite placement (as
defined by a perigee time to and argument coo) chosen for TV
boom tip data coverage by the Rosman, N.C. station at a
specified universal time (tEs) on a given calendar day fez>), at
the start of a data block. These conditions, combined with
any initial state (Xo, a 24 X 1 vector of initial generalized
coordinates plus their time derivatives) and orbital eccen-
tricity (e<>), determine a unique set of damper switching in-
stants (tEw) which are found from a separate dynamics pro-
gram run trial. The interval between the O')th and the (j +
l)st damper switching event is subdivided into (/y) time zones,
where

7y = lowest integer > - tEu)]N9/T*} (31)
in which TO represents the orbital period and Ne dictates the
allowable length of fixed-parameter zones in the analytical
model (e.g., for Ne = 18 the maximum mean anomaly incre-
ment between parameter updates would be 360°/18 = 20°).
There is a specified number (me) of measurement prefiltering
subintervals in each time zone and, at the center (tm) of each
subinterval, the following quantities are computed: 1) Car-
tesian position vector for the satellite at time (tm), obtained
by Keplerian extrapolation of position and velocity at an
epoch time IREF (in practice, IREF is a time point slightly
earlier than the most recent time zone barrier) ; 2) the current
Xm (as determined using the actual flexural rigidity and
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thermal absorptivities); 3) the sunline dz, expressed in local
coordinates; 4) earth latitude X0 and longitude \[/Q of the sub-
satellite point; 5) the magnetic field9 vector $L expressed in
local coordinates; 6) a logic indicator which determines
presence or absence of boom tip TV coverage (the condition
for coverage being a satellite sightline within a 10 ̂ above-
horizon cone centered about an active station; any combina-
tion of seven TV stations can be activated in the simulation:
Madagascar; Ororal, Australia; Alaska; Mojave, N.M.;
Rosman, N.C.; Santiago, Chile; and Wirikfield, England);
7) the direction cosine transformation [Cf] between hub
principal axes and local coordinates [see Eq. (4) of Ref. 2];
8) random noise-corrupted values Yi for components of the
earth's magnetic field, as seen by instruments with sensitive
axes along the unit vectors AI, A2, A3,

where Yi is a Monte-Carlo Gaussian random number with a
mean value equal to the simulated magnetometer bias and
standard deviation (o>) corresponding to prefiltered mag-
netometer measurement accuracy; 9) a noise-corrupted
damper angle measurement F4 = Z4 + y4, where the random
number y4 is generated from the Gaussian distribution of
prefiltered damper indicator measurement errors (zero mean
and standard deviation O-.D); 10) in-plane and out-of-plane
antenna tip deformations computed from X5-Xu, the 8 X 8
orthogonal transformation to TFr-TFg, and the static deflec-
tions KA, KB [again, an independent Gaussian variate is
added to each, from a zero mean population with standard
deviation aw; when the logic indicator described in item 6
dictates no current TV coverage, these "measured values"
are replaced by unrealistically large numbers which will be
eliminated through subsequent data rejection, see Eq. (34)];
11) measured angles between a sun sensor face plane unit
normal (L) and the projection of the sunline { [ C f ] T $ L — cJ in
vehicle coordinates} on a plane containing L and a sensor slit
unit vector U;,

= Arcsin] sgn(<MJ*) L X (d-U.-)U»- + (d-L)L
|(d-UOU f + (d-L)L|

X '»+

(33)

in which the probability distribution of Yi+i2 is Gaussian with
zero mean and standard deviation crs for prefiltered sun sensor
measurement errors.

The output generated by this program consists of an initial
record (defining the total number M of data vectors; the
number me of data vectors per time zone; the values IED and
tEs which mark the start of the data block; plus the time at
the end of the data block and all damper switching times there
within) and the complete set of M data records. Each data
record contains 1) the measurement time tm, 2) the most re-
cent time zone barrier T, 3) the polarity of the damper angle
derivative, 4) the currently used orbit tracking epoch time
tREF, 5) Cartesian position and velocity vectors of the com-
posite satellite mass center at IREF, 6) the fourteen-dimen-
sional data vector Y, and 7) an index number identifying
which of the eight RAE sun sensors measured the last two
components of Y- The information is arranged in the same
format designed for an actual RAE " composite data" file,
prepared for the operational estimation program described
below.

Postdeployment Operational Program

A weighted-least-squares (WLS) estimate is computed for
the augmented state at data block initiation, on the basis of
the measurements within the block, the functional relations be-
tween these measurements and the state, the covariance
matrix of prefiltered measurement errors, and the dynamical

and astronomical models employed. A time history is gen-
erated from this initial state estimate and, depending upon
the residuals obtained, the measurement data may be re-
cycled up to a controllable maximum number (Ni) of itera-
tions. A favorable a priori estimate for X0 will theoretically
reduce the residuals for any given iteration number but, due to
the existence of a preferred reference state, the a priori
estimate input can be incomplete as previously explained.

After introduction of the various fixed quantities (astrody-
namical constants, sensor parameters, etc.) and initialization
(for accumulated residuals, state transition identity matrix,
etc.), the estimation program performs the following steps:

1) One data record is read from the composite data file.
2) For the period between the first two entries (tm, T) of

this record, all state transition elements (of [<£>], [G] and <p)
are determined by a subroutine containing the complete
closed form dynamics computation (using estimated values
for flexural rigidity and thermal absorptivities). The transi-
tion back across all time zones to the data block initialization
time is then obtained by recursion. *.

3) The current estimated state XTO is computed from (14)
using the value of X0 from (18) on the last WLS iteration (or
from the a priori estimate during the first iteration).

4) The satellite position at (tm) is calculated by Keplerian
extrapolation of the position and velocity at the epoch time
(IREF) on the current data record.

5) The sunline at (tm) is computed and expressed in local
coordinates.

6) The subsatellite point is located on the earth and the
local magnetic field $L is computed with the aid of a NASA-
Goddard subroutine.9

7) The direction cosine matrix [Cf] and its partial deriva-
tives d [Cf]/dXj are evaluated at (tm).

8) From the current estimated state Xm the 14 components
of the predicted data vector Ym

(-) are evaluated. A maxi-
mum absolute value Y L is specified for observable fractional
field components F»/|(5L , 1 ^ i ^ 3; for the damper angle
F4; and for the relative tip deformations Wi/l, 1 ^ i •$ 8;
a minimum value of (?r/2 — Y L) is specified for the angle de-
fining the slit-sunline planes defined in Eq. (33). Any
measurement with a predicted value outside the specified
range is rejected on grounds of poor conditioning.8 For each
accepted measurement the residual is computed and tested vs
a "3-sigma limit" (RL) prescribed as follows. Since the
division between acceptable and unacceptable residual size is
not defined precisely, a suitable criterion can be obtained from
the rms level which would result from an instrument error
combined with independent estimation error components
(using the same value au for rms uncertainty in all estimated
angles Xi-X* and in relative tip deflections X5/l-Xu/l', in
this program a larger value <ju\ is used for the first WLS itera-
tion, followed by substitution of a tighter limit <jut afterward).
Thus the computation for RL becomes

«> = 3[(crJ)2 2, 5 12 (34)

or

[ 12 -i 1/2
au

2 £ Hi* + <7,2 , 1 ^ i ^ 4 or i = 13, 14
3 = 1 J

R

where en takes the value

(35)

(36)

and the previously defined sensitivities #,•/ are evaluated
from the functional relations described in items 8-11 of the
preceding section {e.g., HH = A^^C'^/dX^L, 1 ^ i,
j ^ 3; #44 = 1; sun sensor derivatives are illustrated for a
different sensor mechanization and Euler angle convenient in
Ref. 8}.
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The cumulative matrix and vector computation implied in
Eqs. (18, 22, and 25) is carried out for each properly condi-
tioned data vector component having an acceptable residual;
also summed over (1 ^ m ^ M) are the number NPa) of these
accepted observations for each measuring device (1 ^ i ^ 14),
and the values of the normalized residuals (ym%/<ri) and their
squares. This latter summation

(37)= Y Y I —Z-j z^i \ ~.
i= 1

(with the rejected data points excluded) is then tested vs a
chi-squared distribution having

= [E tf,(ol-
Li=i J

32 (38)

degrees of freedom10; for large Nf this is nearly Gaussian with
mean and variance of N/ and 27V/, respectively. Separate
algebraic sums of the residuals, not squared and not summed
over (i), can be used in bias detection. Although the residuals
are not all independent, the sum (again excluding rejected
data)

z (39)

approaches the zero mean unity variance Gaussian distribu-
tion for large Np(i). This, however, is intended only as verifi-
cation for absence of unduly large biases, and is to be dis-
tinguished from the classical systematic error rejection by the
augmented state procedure mentioned earlier.

Numerical Results

Performance of the estimation program can be determined
by three approaches: 1) verification through actual satellite
data processing, 2) simulation of the data processor fed by
hypothetical measurements, §§ and 3) linearized uncertainty
covariance matrix analysis. Successful application of the
first approach (as evidenced by residuals) would verify the
model; the second approach (as evidenced by convergence of
the estimate toward the dynamic path from which the simu-
lated data were generated) verifies the linearization and
establishes observability; the third approach predicts be-
havior of the statistical ensemble. Although a thorough
validation requires all three of these operations, only the last
two are included here. Unfortunately, the first is unavail-
able, because after full-length RAE antenna deployment,
very few tip readings were obtained from one upper TV
camera, and the lower boom tips could not be distinguished
from the earth below. Thus, although the TV images pro-
vided both confirmation of stable attitude behavior (which
had been verified in all three axes by sun sensor and mag-
netometer readings) and reasonable bounds for elastic antenna
deformations, they did not permit a time history reconstruc-
tion at any time. (A one-orbit-duration antenna motion
history requires at least one glance at the tips near the be-
ginning, and another near the end, of the orbit.) Results
from the two computational approaches now will be sum-
marized.

Data Simulation

A simulation trial was made with the satellite starting from
perigee at 12 hr UT on the 197th calendar day in an orbit
having 0.02 eccentricity and an inclination, nodal longitude

§§ This practice serves a greater purpose than mere program
checkout. It establishes observability of the complete aug-
mented state, provides an indication of estimation accuracy to be
anticipated operationally, and validates the linearization (mea-
surement sensitivity and dynamic partial derivatives are com-
puted from the noise-corrupted estimated state).

and perigee argument of 122°, 90°, and 45°, respectively.
Under these conditions, with Rosman as the only active
ground station, antenna tip data coverage is provided for ap-
proximately the first and the last 35 min of the 3.8 hr data
block (one orbit). A 20° limit was chosen for the maximum
mean anomaly increment between successive parameter up-
dates, and each fixed-parameter zone was divided into five
measurement prefiltering subintervals. Instrument error
standard deviations, with prefiltering taken into account,
were set at 0.06 rad, 0.015 rad, 0.01 rad, and 2 m for the mag-
netometers at the magnetic poles, the damper angle indicator,
the sun sensors, and the antenna tip measurements, respec-
tively. The data limit parameters <ru\, crw2, and YL were set
at 0.2, 0.05, and 0.5 rad, respectively. Satellite hub pa-
rameters, and the antenna length and wall thickness, were
equal to the values corresponding to case 2 of Ref. 2; other
parameter values chosen were: normalized hinge spring con-
stant (~1.3), skew angle (66.5°), mass (4.22 kg), length
(192 m), and moment of inertia (13,000 kg-m2) of the damper;
antenna cantilever angle (27.9°), linear mass density 0.0208
kg/m), diameter (0.0145 m), and flexural rigidity (El = 5.17
N-m2); and the viscous damping ratio was of course set to
zero for replacement by the switched damping torque of
0.0142 N-m. Parameters affecting response to solar pressure
and uneven heating were set at the values in Ref. 3 except
for solar heat absorptivities of 0.10, 0.08, 0.06, and 0.04 in
the four quadrants, respectively. To test the augmented
state estimation capability the iterations were started with an
estimated flexural rigidity of 6.6 N-m2 and uniform estimated
thermal absorptivities of 0.05; furthermore the x- and ?/-axis
magnetometer readings were biased by unknown systematic
errors equivalent to 0.05 and 0.08 rad, respectively, at the
magnetic pole. The initial 12 X 1 vector of generalized co-
ordinates2 consisted of the following components, listed in
order: 0.1, 0.1, 0.2, and 0.1 rad; and 2, 2, 5, 20, -15, 10, 10,
and — 5 m ; all derivatives were zero except for an initial
damper angle rate of —3 X 10~4 rad/sec. The iterative
estimation program, however, was begun at an initial state
set to zero throughout with the exception of an imperfect
estimate of initial damper action (0.05-rad displacement and
a rate of —2 X 10 ~4 rad/sec). It was felt that, if the system
could "find itself" under these conditions, this would meet the
basic requirements of the data processor.

The success of the estimation program can be j udged from
Figs. 1 and 2 which illustrate, respectively, the accuracy of
attitude and damper time history estimation (from essentially
continuous data), and reconstruction of elastic behavior
(with highly intermittent boom tip data), after six weighted
least-squares iterations. Actual and estimated state vari-
ables are represented by solid curves and crosses, respec-
tively. Due to the previously described measurement sub-
division within damper switching events, the abscissa does
not quite correspond to a uniform time scale; it should be
pointed out, however, that the main reason for nonsinusoidal
flexural mode appearance, is the thermal absorptivity mis-
match. At any rate, the estimation program converged
upon the actual state (even the smaller amplitude remaining
flexural modes, not shown, were detected with comparable
accuracy); also, the unknown parameters were determined
to within 10% of their actual values, and the magnetometer
biases were detected to accuracies well within the rms sensor
errors.

Ensemble Performance

The simulation just described contains only one Monte
Carlo sample, i.e., some variation in the results would be pro-
duced by merely shifting the random measurement error
sequence. Obviously a more efficient approach is needed to
characterize performance of a statistical population, es-
pecially when effects of parameter changes are to be studied.
To fill this need, Eq. (18) of course automatically implies that
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Table 1 Rms antenna tip estimation errors

Rms uncertainty at peak, m

In-plane Transverse

Case

1
2
3
4

5
6
7
8

9

10
11
12
13

Conditions

Standard (Nc = 4; Nv = 2; A^ = 1)
aw = 0.5
Ns = 4
A^s = 4, and aA = 0.02, <rD = 0.03,

me = 20
ATF = 5
Nv = 5, and Nc = 2
Nc = 2
Nc = 2, andXoi = X02 = 0.1, Xoz =

0.2
Same as 8, but ai = az = as = a4 =

0.05
Same as 8, but 01 = a2 = as = a\ = 0
Same as 8, but a A = 0.001
Same as 8, but aD = 0.001

_ 100 JT — ~X — 01 X" _
0.2, and a A = aD = 0.001

Upper

4.4
2.5
0.9
3.1

0.7
0.9
5.9
5.6

5.9

7.1
2.0
3.9
1.9

Lower

4.5
2.5
0.9
3.4

0.7
5.5
9.4
6.6

7.2

8.7
1.7
4.6
1.8

Upper

1.2
0.7
0.6
0.9

0.6
1.0
1.9
1.6

1.8

2.4
0.9
1.3
4.2

Lower

i.'s
0.8
0.6
1.0

0.6
1.0
2.1
1.9

2.2

2.4
0.9
1.3
4.2

the initial estimation uncertainty covariance matrix i s " "
M \ -i

m=l j

and, using linearized dynamics, the covariance matrix at any
other time (tm) is

(xmxm
T) = (41)

These last two expressions are determined completely by
specification of dynamics, measurement accuracies, and sensi-
tivities (via [<f>], [Q], and [//], respectively). Standard com-
putational conditions for each are as follows.

1) All astronomical, orbital, and satellite parameters cor-
respond to the previously described simulation case, except
for zero eccentricity, zero hysteresis damper torque, zero
initial state, unaugmented hub inertias, and 6.6 N-m2 flexural
rigidity.

2) The libration angles were assumed to be observed
directly with rms errors a A = 0.01 rad. Errors in direct
damper angle measurements and antenna tip observations
were set at 0.015 rad and 1 m rms, respectively.

3) For all 90 data vectors (product of NO = 18 X me = 5,
in the standard case), the first four components have sensi-
tivities (ha = dij] 1 ^ i ^ 4, 1 $ j ^ 24), where 5»y is the
Kronecker delta. Antenna measurement sensitivities are
easily computed from the 8 X 8 orthogonal relationship
(Table 1, Ref. 2), but these elements must be blanked where-
ever no TV camera coverage exists. In the present series of
covariance matrix computation runs, antenna tip data
coverage is defined in terms of the number Nc of operative
cameras, the number Nv of ground station sightings, equally
spaced in time, and the number Ns of consecutive tip mea-
surements per sighting taken by each operative camera.
Standard computation run conditions are Nc = 4, Nv = 2
(one sighting at the beginning and one at the end of the orbit),
andNs = 1.

Table 1 shows the levels of performance to be expected
under various conditions. Unless otherwise specified, pa-
rameter values for each case conform to the standard just de-
scribed (case 1). Covariances of individual boom tip un-
certainties were obtained by transforming the appropriate

tlT This corresponds to the unaugmented case; to characterize
the basic data processor accuracy under various conditions (par-
ticularly limited antenna coverage) it is reasonable to focus upon
operations occurring after the parameter variations have been
determined. To circumvent inaccurate numerical inversions
which could occur with low data coverage, Eq. (18) has been re-
placed by a generalized inverse formulation.11 Although this
important step significantly influenced the estimation program
configuration, it is not discussed further here because 1) gen-
eralized inversions are widely accepted, and 2) they do not alter
basic system capability, but only help to resist numerical degra-
dation.

40 60
MEASUREMENT NO.

Fig. 1 Angular orientation vs time.

partition from Eqs. (40) and (41) through the 8 X 8 orthogo-
nal relation (Table 1, Ref. 2). Actually the estimation error
varies along the orbit (with error peaks occurring at different
points, depending upon conditions), and there is often as
much difference (e.g., 40%) between the position uncertain-
ties in the upper booms themselves as there is from upper to

40 60

MEASUREMENT NO.

Fig. 2 Satellite deformation vs time.
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lower; however a concise presentation of results, showing only
the maximum upper and lower antenna tip position rms un-
certainties, is adequate for expository purposes. Also, these
maxima are just close approximations to the true peak uncer-
tainties, since Eq. (41) and its subsequent computing opera-
tions are performed at discrete times (up to 20 times per
orbit).

Comparison of cases 1 and 2 shows that, with the standard
measurement schedule, antenna position uncertainty is only
roughly proportional to aw; the departure from direct pro~
portionality can be attributed to the coupled dynamic
variables Xi-X* the rms accuracies of which were not changed
between these two trials. It might have been expected that
case 3 would yield results comparable to case 2, because an
increase in the number of closely spaced statistically inde-
pendent observations (by any factor R) is comparable to a
reduction in rms measurement error (by a factor of R112).
The consecutive antenna data points in case 3, however, span
an interval of about 8 min; thus they provide error reduction
by reason of their spread. Case 4 is more nearly comparable
to case 2. (Note that this corresponds to ^2-m in spans of
antenna data, with equivalent angular measurement ac-
curacy. To test this interpretation further, me was again
quadrupled with another twofold increase in a A and <JD\
results were in agreement with case 4.) Case 5 shows little
improvement over case 3 when antenna observations are
added at orbital mean anomaly positions of 90°, 180°, and
270°. This can be interpreted as verification that, with the
known dynamic model, observability was already adequate
under conditions of case 3. As illustrated by the next two
cases, however, these additional antenna sightings would be
quite useful when only the upper cameras are operative.
(Proximity of upper and lower uncertainties in case 7-10 is
due to dynamic coupling; without this there would be a
small upper antenna position uncertainty, and a larger un-
certainty for the lower antennas. Difference between in-
plane and transverse error magnitudes will be discussed
shortly.) Comparison of cases 7 and 8 illustrates a beneficial
result introduced by increased dynamic coupling. Con-
versely, the next two cases demonstrate a reduction in ob-
servability which occurs when the unseen antennas are less
tightly coupled to attitude. In varying degrees the last
three cases verify the theoretical capability of accurate angu-
lar data to replace antenna observations; these are somewhat
academic, since any attempt to accomplish this in practice
would be quite sensitive to small imperfections in the dy-
namic model.

Comparison of in-plane and transverse uncertainty is
worthy of further comment. For conditions producing an-
tenna tip uncertainties far exceeding aw, estimation error can
be explained in terms of ambiguities which arise when only
two tips are visible (this excludes the last case, in which all
antenna information is essentially suppressed). For ex-
ample, a vertical mode of satellite deformation cannot be
distinguished from the in-plane neutral mode, on the basis of
upper camera sightings alone. Furthermore these modes are
not too tightly coupled to attitude (as evidenced by the ap-
propriate off-diagonal terms in the eigenvector matrix), and
their natural frequencies (more specifically, the eigenvalues
which correspond to their largest eigenvector components, the
distinction being prompted by coupling between the gen-
eralized coordinates) are both in the same range as the oscilla-
tion rate most closely associated with still another loosely
coupled in-plane mode, i.e., longitudinal. Inspection of the
covariance matrices (not shown) directly computed from
Eqs. (40) and (41), ahead of the 8 X 8 orthogonal similarity
transformation used to generate Table 1, has verified that the
major contributors to the in-plane antenna position uncer-
tainty are the in-plane neutral, longitudinal, and vertical
deformation modes, when only the upper cameras are opera-
tive. The other in-plane mode of satellite deformation (pitch)
is more observable because all of its major spectral compo-

nents are either 1) more tightly coupled to attitude, or 2)
energy-limited at higher frequencies.

Because the energy-limiting/coupling phenomenon benefits
only one in-plane mode, the 2-camera ambiguity remains un-
resolved. For transverse flexure, this benefit is enjoyed by
two modes (roll and yaw). This helps to distinguish roll from
lateral and yaw from transverse neutral when only the upper
cameras are operative, and accounts for the smaller trans-
verse uncertainties observed in general.

Before this discussion is terminated it is of interest to con-
sider case 1 under conditions of Shannon waveform recon-
struction12 with no dynamic model. In order to account for
all antenna oscillations up to 3.5 cycles/orbit (this would in-
clude the in-plane neutral and all translational flexural
modes), the Shannon sampling rate would be 7 observations
per orbit for each camera; however, this Shannon rate ap-
plies to infinite total duration, hardly the case for a single
orbit. To achieve the rms accuracies of case 1 with aw = 1
m, it is quite likely that at least twenty (and quite possibly
30 or more) measurements per camera would be required
during the orbit. Also, estimation of lower antenna positions
in the last seven cases would obviously be impossible without
the dynamic model. Thus the model reduces data rate
requirements by an order of magnitude, and simultaneously
enables estimation of unseen motion through dynamic
coupling.

Conclusion
An iterative weighted least-squares estimation program has

been developed and successfully tested, whereby the time
history of coupled rotation and flexural behavior can be re-
constructed from RAE data tapes. The program is capable
of simultaneously detecting magnetometer bias errors and
improving the determination of system parameters. Linear-
ized ensemble statistics have evaluated estimation accuracy
under various conditions of measurement availability.
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